Introduction and summary {#Sec1}
========================

Toric noncommutative spaces are among the most studied and best understood examples in noncommutative geometry. Their function algebras *A* carry a coaction of a torus Hopf algebra *H*, whose cotriangular structure dictates the commutation relations in *A*. Famous examples are given by the noncommutative tori \[[@CR27]\], the Connes--Landi spheres \[[@CR15]\] and related deformed spaces \[[@CR14]\]. More broadly, toric noncommutative spaces can be regarded as special examples of noncommutative spaces that are obtained by Drinfeld twist (or 2-cocycle) deformations of algebras carrying a Hopf algebra (co)action, see, e.g., \[[@CR4]--[@CR6]\] and references therein. For an algebraic geometry perspective on toric noncommutative varieties, see \[[@CR12]\].

Noncommutative differential geometry on toric noncommutative spaces, and more generally on noncommutative spaces obtained by Drinfeld twist deformations, is far developed and well understood. Vector bundles (i.e., bimodules over *A*) have been studied in \[[@CR4]\], where also a theory of noncommutative connections on bimodules was developed. These results were later formalized within the powerful framework of closed braided monoidal categories and therefore generalized to certain nonassociative spaces (obtained by cochain twist deformations) in \[[@CR5], [@CR6]\]. Examples of noncommutative principal bundles (i.e., Hopf--Galois extensions \[[@CR9], [@CR10]\]) in this framework were studied in \[[@CR20]\], and these constructions were subsequently abstracted and generalized in \[[@CR1]\]. In applications to noncommutative gauge theory, moduli spaces of instantons on toric noncommutative spaces were analyzed in \[[@CR7], [@CR8], [@CR11], [@CR13]\], while analogous moduli spaces of self-dual strings in higher noncommutative gauge theory were considered by \[[@CR25]\].

Despite all this recent progress in understanding the geometry of toric noncommutative spaces, there is one very essential concept missing: Given two toric noncommutative spaces, say *X* and *Y*, we would like to have a 'space of maps' $\documentclass[12pt]{minimal}
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                \begin{document}$$Y^X$$\end{document}$ from *X* to *Y*. The problem with such mapping spaces is that they will in general be 'infinite-dimensional,' just like the space of maps between two finite-dimensional manifolds is generically an infinite-dimensional manifold. In this paper, we propose a framework where such 'infinite-dimensional' toric noncommutative spaces may be formalized and which in particular allows us to describe the space of maps between any two toric noncommutative spaces. Our approach makes use of sheaf theory: Denoting by $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {S}$$\end{document}$ the category of toric noncommutative spaces, we show that there is a natural site structure on $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {S}$$\end{document}$ which generalizes the well-known Zariski site of algebraic geometry to the toric noncommutative setting. The category of generalized toric noncommutative spaces is then given by the sheaf topos $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {G}:= \mathrm {Sh}({^{H}}\mathscr {S})$$\end{document}$, and we show that there is a fully faithful embedding $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {S}\rightarrow {^{H}}\mathscr {G}$$\end{document}$ which allows us to equivalently regard toric noncommutative spaces as living in this bigger category. The advantage of the bigger category $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {G}$$\end{document}$ is that it enjoys very good categorical properties; in particular, it admits all exponential objects. We can therefore make sense of the 'space of maps' $\documentclass[12pt]{minimal}
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                \begin{document}$$Y^X$$\end{document}$ as a generalized toric noncommutative space in $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {G}$$\end{document}$, i.e., as a sheaf on the site $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {S}$$\end{document}$. As an application, we study the 'internalized' automorphism group $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Aut}(X)$$\end{document}$ of a toric noncommutative space *X*, which is a certain subobject in $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {G}$$\end{document}$ of the self-mapping space $\documentclass[12pt]{minimal}
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                \begin{document}$$X^X$$\end{document}$. Using synthetic geometry techniques, we are able to compute the Lie algebra of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Aut}(X)$$\end{document}$ and we show that it can be identified with the braided derivations considered in \[[@CR4], [@CR6]\]. Hence, our concept of automorphism groups 'integrates' braided derivations to finite (internalized) automorphisms, which is an open problem in toric noncommutative geometry that cannot be solved by more elementary techniques.

Besides giving rise to a very rich concept of 'internalized' automorphism groups of toric noncommutative spaces, there are many other applications and problems which can be addressed with our sheaf theory approach to toric noncommutative geometry. For example, the mapping spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$Y^X$$\end{document}$ may be used to describe the spaces of field configurations for noncommutative sigma models, see, e.g., \[[@CR16]--[@CR18], [@CR24]\]. Due to the fact that the mapping space $\documentclass[12pt]{minimal}
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                \begin{document}$$Y^X$$\end{document}$ captures many more maps than the *set* of morphisms $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Hom}(X,Y)$$\end{document}$ (compare with Example [5.3](#FPar17){ref-type="sec"} in the main text), this will lead to a much richer structure of noncommutative sigma models than those discussed previously. Another immediate application is to noncommutative principal bundles: It was observed in \[[@CR10]\] that the definition of a good notion of gauge transformations for noncommutative Hopf--Galois extensions is somewhat problematic, because there are in general not enough algebra automorphisms of the total space algebra. To the best of our knowledge, this problem has not yet been solved. Using our novel sheaf theory techniques, we can give a natural definition of an 'internalized' gauge group for toric noncommutative principal bundles $\documentclass[12pt]{minimal}
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                \begin{document}$$P\rightarrow X$$\end{document}$ by carving out a subobject in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathscr {G}$$\end{document}$ of the 'internalized' automorphism group $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Aut}(P)$$\end{document}$ of the total space which consists of all maps that preserve the structure group action and the base space.

The outline of the remainder of this paper is as follows: In Sect. [2](#Sec2){ref-type="sec"}, we recall some preliminary results concerning cotriangular torus Hopf algebras *H* and their comodules, which form symmetric monoidal categories $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {M}$$\end{document}$. In Sect. [3](#Sec3){ref-type="sec"}, we study algebra objects in $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {M}$$\end{document}$ whose commutation relations are controlled by the cotriangular structure on *H*. We establish a category of finitely presented algebra objects $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {A}_{\mathrm {fp}}$$\end{document}$, which contains noncommutative tori, Connes--Landi spheres and related examples, and study its categorical properties, including coproducts, pushouts and localizations. The category of toric noncommutative spaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathscr {S}$$\end{document}$ is then given by the opposite category of $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {A}_{\mathrm {fp}}$$\end{document}$, and we show in Sect. [4](#Sec4){ref-type="sec"} that $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {S}$$\end{document}$ can be equipped with the structure of a site. In Sect. [5](#Sec5){ref-type="sec"}, we introduce and study the sheaf topos $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {G}$$\end{document}$ whose objects are sheaves on $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {S}$$\end{document}$ which we interpret as generalized toric noncommutative spaces. We show that the Yoneda embedding factorizes through $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathscr {G}$$\end{document}$ (i.e., that our site is subcanonical) and hence obtain a fully faithful embedding $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {S}\rightarrow {^{H}}\mathscr {G}$$\end{document}$ of toric noncommutative spaces into generalized toric noncommutative spaces. An explicit description of the exponential objects $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {G}$$\end{document}$ is given, which in particular allows us to formalize and study the mapping space between two toric noncommutative spaces. Using a simple example, it is shown in which sense the mapping spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$Y^X$$\end{document}$ are richer than the morphism sets $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Hom}(X,Y)$$\end{document}$ (cf. Example [5.3](#FPar17){ref-type="sec"}). In Sect. [6](#Sec6){ref-type="sec"}, we apply these techniques to define an 'internalized' automorphism group $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Aut}(X)$$\end{document}$ of a toric noncommutative space *X*, which arises as a certain subobject in $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {G}$$\end{document}$ of the self-mapping space $\documentclass[12pt]{minimal}
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                \begin{document}$$X^X$$\end{document}$. It is important to stress that $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Aut}(X)$$\end{document}$ is in general not representable, i.e., it has no elementary description in terms of a Hopf algebra, and hence, it is a truly generalized toric noncommutative space described by a sheaf on $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {S}$$\end{document}$. The Lie algebra of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Aut}(X)$$\end{document}$ is computed in Sect. [7](#Sec7){ref-type="sec"} by using techniques from synthetic (differential) geometry \[[@CR19], [@CR21], [@CR26]\]. We then show in Sect. [8](#Sec8){ref-type="sec"} that the Lie algebra of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Aut}(X)$$\end{document}$ can be identified with the braided derivations of the function algebra of *X*. Hence, in contrast to $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Aut}(X)$$\end{document}$, its Lie algebra of infinitesimal automorphisms has an elementary description. This identification is rather technical, and it relies on a fully faithful embedding $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {M}_{\mathrm {dec}}\rightarrow \mathrm {Mod}_{\underline{K}}({^{H}}\mathscr {G})$$\end{document}$ of a certain full subcategory (called decomposables) of the category of left *H*-comodules $\documentclass[12pt]{minimal}
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                \begin{document}$$\underline{K}$$\end{document}$-module objects in the sheaf topos $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {G}$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\underline{K}$$\end{document}$ denotes the line object in this topos; the technical details are presented in "Appendix."

Hopf algebra preliminaries {#Sec2}
==========================

In this paper, all vector spaces will be over a fixed field $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {K}$$\end{document}$ and the tensor product of vector spaces will be denoted simply by $\documentclass[12pt]{minimal}
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                \begin{document}$$\otimes $$\end{document}$.
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                \begin{document}$$H:= \mathcal {O}(\mathbb {T}^n)$$\end{document}$ of functions on the algebraic *n*-torus $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {T}^n$$\end{document}$ is defined as follows: As a vector space, *H* is spanned by the basis$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \big \{t_{{\varvec{m}}}{:}\,{\varvec{m}} = (m_1,\ldots ,m_n)\in \mathbb {Z}^{n}\big \}, \end{aligned}$$\end{document}$$on which we define a (commutative and associative) product and unit by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} t_{{\varvec{m}}}\,t_{{\varvec{m^\prime }}} = t_{{\varvec{m}} + {\varvec{m^\prime }}},\quad \mathbbm {1}_H^{} = t_{{\varvec{0}}}. \end{aligned}$$\end{document}$$The (cocommutative and coassociative) coproduct, counit and antipode in *H* are given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Delta (t_{{\varvec{m}}}) = t_{{\varvec{m}}}\otimes t_{{\varvec{m}}},\quad \epsilon (t_{{\varvec{m}}}) =1,\quad S(t_{{\varvec{m}}}) = t_{-{\varvec{m}}}. \end{aligned}$$\end{document}$$We choose a cotriangular structure on *H*, i.e., a linear map $\documentclass[12pt]{minimal}
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                \begin{document}$$R{:}\,H\otimes H\rightarrow \mathbb {K}$$\end{document}$ satisfying $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} R(f\,g \otimes h)&= R(f\otimes h_{(1)}) ~R(g\otimes h_{(2)}), \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} R(f\otimes g\,h)&= R(f_{(1)} \otimes h)~R(f_{(2)}\otimes g),\end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \epsilon (h)\,\epsilon (g)&=R\left( h_{(1)}\otimes g_{(1)}\right) ~R\left( g_{(2)}\otimes h_{(2)}\right) , \end{aligned}$$\end{document}$$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f,g,h\in H$$\end{document}$, where we have used Sweedler notation $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta (h) = h_{(1)}\otimes h_{(2)}$$\end{document}$ (with summation understood) for the coproduct in *H*. The quasi-commutativity condition $\documentclass[12pt]{minimal}
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                \begin{document}$$g_{(1)}\,h_{(1)} \,R(h_{(2)}\otimes g_{(2)}) = R(h_{(1)}\otimes g_{(1)})\, h_{(2)}\, g_{(2)}$$\end{document}$, for all $\documentclass[12pt]{minimal}
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                \begin{document}$$g,h\in H$$\end{document}$, is automatically fulfilled because *H* is commutative and cocommutative. For example, if $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {K}=\mathbb {C}$$\end{document}$ is the field of complex numbers, we may take the usual cotriangular structure defined by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} R\left( t_{{\varvec{m}}}\otimes t_{{\varvec{m^\prime }}}\right) = \exp \left( \mathrm{i}\,\sum _{j,k=1}^n m_j \,\Theta ^{jk}\, m^\prime _{k}\right) , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\Theta $$\end{document}$ is an antisymmetric real $\documentclass[12pt]{minimal}
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                \begin{document}$$n{\times } n$$\end{document}$-matrix, which plays the role of deformation parameters for the theory.
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                \begin{document}$${^{H}}\mathscr {M}$$\end{document}$ the category of left *H*-comodules. An object in $\documentclass[12pt]{minimal}
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Algebra objects {#Sec3}
===============

We are interested in spaces whose algebras of functions are described by certain algebra objects in the symmetric monoidal category $\documentclass[12pt]{minimal}
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Let us introduce the category of algebras of interest.

Definition 3.1 {#FPar1}
--------------
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We next introduce a suitable notion of covering for toric noncommutative spaces, which is motivated by the well-known Zariski covering families in commutative algebraic geometry.
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Example 4.3 {#FPar8}
-----------

Recall from Example [3.5](#FPar5){ref-type="sec"} that the algebra of functions on the 2*N*-dimensional Connes--Landi sphere is given by$$\documentclass[12pt]{minimal}
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Proposition 4.4 {#FPar9}
---------------
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                \begin{document}$${^{H}}\mathscr {S}$$\end{document}$-Zariski covering family.

Proof {#FPar10}
-----
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                \begin{document}$$B\sqcup _A^{} A[s_i^{-1}]$$\end{document}$ extends to the commutative diagramIt is an elementary computation to confirm that the dashed arrow in this diagram is an isomorphism by using the explicit formulas for the pushout ([3.23](#Equ37){ref-type=""}) and localization ([3.28](#Equ43){ref-type=""}). As a consequence, $\documentclass[12pt]{minimal}
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                \begin{document}$$X_{B}\times _{X_A}^{} X_{A[s_i^{-1}]} \simeq X_{B[g^*(s_i)^{-1}]}$$\end{document}$ and the left vertical arrow in ([4.8](#Equ54){ref-type=""}) is of the form as required in Definition [4.2](#FPar7){ref-type="sec"} (i) and (ii). To show also item (iii) of Definition [4.2](#FPar7){ref-type="sec"}, if $\documentclass[12pt]{minimal}
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Corollary 4.5 {#FPar11}
-------------
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                \begin{document}$$X_{A[s_i^{-1},\, s_j^{-1}]}$$\end{document}$, where$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} A[s_i^{-1},\, s_j^{-1}] := \big (A[s_i^{-1}]\big )[\ell _{s_i}(s_j)^{-1}] \simeq \big (A[s_j^{-1}]\big )[ \ell _{s_j}(s_i)^{-1}] \end{aligned}$$\end{document}$$is the localization with respect to the two *H*-coinvariant elements $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell _{s_i}{:}\,A[s_j^{-1}] \rightarrow A[s_i^{-1},\,s_j^{-1}]$$\end{document}$.

Proof {#FPar12}
-----

This follows immediately from the proof of Proposition [4.4](#FPar9){ref-type="sec"}. $\documentclass[12pt]{minimal}
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Remark 4.6 {#FPar13}
----------

For later convenience, we shall introduce the notationfor the morphisms of this pullback diagram.

Generalized toric noncommutative spaces {#Sec5}
=======================================
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The desired extension of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathscr {S}$$\end{document}$ is given by the category$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {^{H}}\mathscr {G}:= \mathrm {Sh}\big ({^{H}}\mathscr {S}\big ) \end{aligned}$$\end{document}$$of sheaves on $\documentclass[12pt]{minimal}
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                \begin{document}$$Y{:}\,{^{H}}\mathscr {S}^\mathrm {op}\rightarrow \mathsf {Set}$$\end{document}$ to the category of sets (called a presheaf) that satisfies the sheaf condition: For any $\documentclass[12pt]{minimal}
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                \begin{document}$${^{H}}\mathscr {A}_{\mathrm {fp}}$$\end{document}$, it is sometimes convenient to regard a sheaf on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathscr {S}$$\end{document}$ as a covariant functor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Proposition 5.1 {#FPar14}
---------------
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Proof {#FPar15}
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Remark 5.2 {#FPar16}
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Example 5.3 {#FPar17}
-----------
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Automorphism groups {#Sec6}
===================
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Definition 7.2 {#FPar21}
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-----
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathscr {G}$$\end{document}$. The main result of this section is

Theorem 8.2 {#FPar30}
-----------

The $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {Mod}_{\underline{K}}({^{H}}\mathscr {G})$$\end{document}$-morphism ([8.13](#Equ140){ref-type=""}) is an isomorphism. Hence, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {der}(A)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathrm {Der}(A,-\sqcup A)$$\end{document}$ are equivalent descriptions of the infinitesimal automorphisms of a toric noncommutative space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_A$$\end{document}$.

Proof {#FPar31}
-----

Fix a presentation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A = F_{{\varvec{m}}_1,\ldots ,{\varvec{m}}_N}/(f_k)$$\end{document}$ of *A* and any object $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_B$$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathscr {S}$$\end{document}$. We define *nonequivariant* linear maps $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widehat{\partial }_j{:}\,F_{{\varvec{m}}_1,\ldots ,{\varvec{m}}_N} \rightarrow B\otimes F_{{\varvec{m}}_1,\ldots ,{\varvec{m}}_N}$$\end{document}$ by setting $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \widehat{\partial }_j(x_i)&=\delta _{ij}~ \mathbbm {1}_B\otimes \mathbbm {1}_{F_{{\varvec{m}}_1,\ldots ,{\varvec{m}}_N}}, \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \widehat{\partial }_j(a\,a^\prime )&= \widehat{\partial }_j(a)\, (\mathbbm {1}_B\otimes a) + R(a_{(-1)}\otimes t_{-{\varvec{m}}_j})~(\mathbbm {1}_B\otimes a_{(0)}) \, \widehat{\partial }_j(a^\prime ), \end{aligned}$$\end{document}$$ for all generators $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_i$$\end{document}$ and all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a,a^\prime \in F_{{\varvec{m}}_1,\ldots ,{\varvec{m}}_N}$$\end{document}$. There is an isomorphism$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\{ v\in {\coprod \limits _{j=1,\ldots ,N}\, (B\otimes A[-{\varvec{m}}_j])^{{\varvec{0}}}{:}\,\sum \limits _j\, v_j \, \widehat{\partial }_j(f_k) =0~~\forall k}\right\} \simeq {^{H}}\mathrm {Der}(A,B\sqcup A) \end{aligned}$$\end{document}$$given by the assignment $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v \mapsto \sum _j\, v_j\,\widehat{\partial }_j$$\end{document}$. Because *A* and *B* are decomposable, we obtain a chain of isomorphisms$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \coprod _{j=1,\ldots ,N} (B\otimes A[-{\varvec{m}}_j])^{{\varvec{0}}}&\simeq \coprod _{j=1,\ldots ,N} \ \coprod _{{\varvec{n}}\in \mathbb {Z}^n} \, \big (B^{{\varvec{n}}}\otimes A[-{\varvec{m}}_j]^{-{\varvec{n}}}\big ) \nonumber \\&\simeq \coprod _{{\varvec{n}}\in \mathbb {Z}^n} \, \left( B^{{\varvec{n}}}\otimes \left( \coprod _{j=1,\ldots ,N} \, A[-{\varvec{m}}_j]\right) ^{-{\varvec{n}}}\right) \nonumber \\&\simeq \left( B\otimes \coprod _{j=1,\ldots ,N}\, A[-{\varvec{m}}_j]\right) ^{{\varvec{0}}}. \end{aligned}$$\end{document}$$The resulting isomorphism preserves the conditions imposed in ([8.15](#Equ143){ref-type=""}) and ([8.6](#Equ131){ref-type=""}); hence, it induces an isomorphism between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathrm {Der}(A,B\sqcup A)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j(\mathrm {der}(A))(X_B)$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Remark 8.3 {#FPar32}
----------

Even though the functor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j{:}\,{^{H}}\mathscr {M}\rightarrow \mathrm {Mod}_{\underline{K}}({^{H}}\mathscr {G})$$\end{document}$ is not monoidal (cf. Remark [9.7](#FPar43){ref-type="sec"}), there exists a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {Mod}_{\underline{K}}({^{H}}\mathscr {G})$$\end{document}$-morphism$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \psi {:}\,j(\mathrm {der}(A))\otimes j(\mathrm {der}(A)) \longrightarrow j(\mathrm {der}(A)\otimes \mathrm {der}(A)), \end{aligned}$$\end{document}$$which is described explicitly in (9.13). We now confirm that the isomorphism $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi {:}\,j(\mathrm {der}(A)) \rightarrow {^{H}}\mathrm {Der}(A,-\sqcup A)$$\end{document}$ established in Theorem [8.2](#FPar30){ref-type="sec"} preserves the Lie brackets on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {der}(A)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathrm {Der}(A,-\sqcup A)$$\end{document}$ in the sense that the diagramin $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {Mod}_{\underline{K}}({^{H}}\mathscr {G})$$\end{document}$ commutes. Fixing an arbitrary object $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_B\in {^{H}}\mathscr {S}$$\end{document}$ and going along the upper path of this diagram, we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\left( \xi _{X_B}\circ (\mathrm {id}_{B}\otimes [\,-,\,-\,])\circ \psi _{X_B}\big ((b\otimes L) \otimes _{B^{{\varvec{0}}}} (b^\prime \otimes L^\prime )\big )\right) (a)\nonumber \\&\quad =R(b^\prime _{(-1)}\otimes L_{(-1)}) ~b\,b^\prime _{(0)}\otimes \mathrm {ev}\big ([L_{(0)},L^\prime ]\otimes a\big )\nonumber \\&\quad = R(b^\prime _{{(-1)}_{(1)}}\otimes L_{(-1)}) ~R(b^\prime _{{(-1)}_{(2)}}\otimes b_{(-1)})~b^\prime _{(0)}\,b_{(0)} \otimes \mathrm {ev}\big ([L_{(0)},L^\prime ]\otimes a\big )\nonumber \\&\quad = R(b^\prime _{{(-1)}}\otimes b_{(-1)}\, L_{(-1)}) ~b^\prime _{(0)}\,b_{(0)} \otimes \mathrm {ev}\big ([L_{(0)},L^\prime ]\otimes a\big )\nonumber \\&\quad = b^\prime \,b\otimes \mathrm {ev}\big ([L,L^\prime ]\otimes a\big ), \end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\in A$$\end{document}$, where in the last two steps we used the properties ([2.4](#Equ4){ref-type=""}) of the cotriangular structure *R* and the fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b\otimes L \in (B\otimes \mathrm {der}(A))^{{\varvec{0}}}$$\end{document}$ is coinvariant. Going now along the lower path of the diagram, we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \big [\xi _{X_B}(b\otimes L), \xi _{X_B}(b^\prime \otimes L^\prime )\big ]_{X_B}(a)= b^\prime \,b\otimes \mathrm {ev}\big (L\otimes \mathrm {ev}(L^\prime \otimes a)\big ) - b\,b^\prime \otimes \mathrm {ev}\big (L^\prime \otimes \mathrm {ev}(L\otimes a)\big ), \end{aligned}$$\end{document}$$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\in A$$\end{document}$, where we used the definition of the Lie bracket $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ [-,\,-]_{X_B} $$\end{document}$ given in ([7.17](#Equ122){ref-type=""}). These two expressions coincide because, using without loss of generality $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b\otimes L\in B^{{\varvec{m}}}\otimes \mathrm {der}(A)^{-{\varvec{m}}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b^\prime \otimes L^\prime \in B^{{\varvec{m}}^\prime }\otimes \mathrm {der}(A)^{-{\varvec{m}}^\prime }$$\end{document}$, the second term in ([8.19b](#Equ148){ref-type=""}) can be rearranged as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} b\,b^\prime \otimes \mathrm {ev}\big (L^\prime \otimes \mathrm {ev}(L\otimes a)\big )&= R(b^\prime _{(-1)}\otimes b_{(-1)})~ b^{\prime }_{(0)}\,b_{(0)} \otimes \mathrm {ev}\big (L^\prime \otimes \mathrm {ev}(L\otimes a)\big )\nonumber \\&= R(t_{{\varvec{m}}^\prime }\otimes t_{{\varvec{m}}})~ b^{\prime }\,b \otimes \mathrm {ev}\big (L^\prime \otimes \mathrm {ev}(L\otimes a)\big )\nonumber \\&= R(t_{-{\varvec{m}}^\prime }\otimes t_{-{\varvec{m}}})~ b^{\prime }\,b \otimes \mathrm {ev}\big (L^\prime \otimes \mathrm {ev}(L\otimes a)\big )\nonumber \\&= R(L_{(-1)}^\prime \otimes L_{(-1)})~ b^{\prime }\,b \otimes \mathrm {ev}\big (L_{(0)}^\prime \otimes \mathrm {ev}(L_{(0)}\otimes a)\big ), \end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\in A$$\end{document}$, where in the third step we used the property $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R(h\otimes g) = R(S(h)\otimes S(g))$$\end{document}$, for all $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h,g\in H$$\end{document}$, see, e.g., \[[@CR23], Lemma 2.2.2\].

Appendix: Technical details for Sect. [8](#Sec8){ref-type="sec"} {#Sec9}
================================================================

Decomposable objects in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathscr {M}$$\end{document}$ {#Sec10}
---------------------------------------------------------------------

Given any object *V* in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathscr {M}$$\end{document}$, we define$$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} V^{{\varvec{m}}} := \big \{ v\in V{:}\, \rho ^V(v) = t_{{\varvec{m}}}\otimes v\big \}, \end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{m}}\in \mathbb {Z}^n$$\end{document}$. Notice that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V^{{\varvec{0}}}$$\end{document}$ is the vector space of coinvariants and that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V^{{\varvec{m}}} \subseteq V$$\end{document}$ are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathscr {M}$$\end{document}$-subobjects, for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varvec{m}}$$\end{document}$.

### Definition 9.1 {#FPar33}

An object *V* in $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathscr {M}$$\end{document}$ is decomposable if the canonical $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathscr {M}$$\end{document}$-morphism$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \coprod _{{\varvec{m}}\in \mathbb {Z}^n}\, V^{{\varvec{m}}} \longrightarrow V,~~\coprod _{{\varvec{m}}}\, v_{{\varvec{m}}} \longmapsto \sum _{{\varvec{m}}}\, v_{{\varvec{m}}} \end{aligned}$$\end{document}$$is an isomorphism. We denote by $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathscr {M}_{\mathrm {dec}}$$\end{document}$ the full subcategory of decomposables.

### Lemma 9.2 {#FPar34}

(Properties of decomposables)  Tensor products of decomposables are decomposable, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathscr {M}_{\mathrm {dec}}$$\end{document}$ is a monoidal subcategory of $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathscr {M}$$\end{document}$.Coproducts of decomposables are decomposable.$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathscr {M}$$\end{document}$-subobjects of decomposables are decomposable.

### Proof {#FPar35}

To prove item (a), note that for *V*, *W* decomposable we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} V\otimes W \simeq \coprod _{{\varvec{m}}\in \mathbb {Z}^{n}} \, \left( \coprod _{{\varvec{n}}\in \mathbb {Z}^n} \, \left( V^{{\varvec{n}}}\otimes W^{{\varvec{m}}-{\varvec{n}}}\right) \right) ; \end{aligned}$$\end{document}$$hence, $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$V\otimes W$$\end{document}$ is decomposable with$$\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (V\otimes W)^{{\varvec{m}}} = \coprod _{{\varvec{n}}\in \mathbb {Z}^n}\, \big (V^{{\varvec{n}}}\otimes W^{{\varvec{m}}-{\varvec{n}}}\big ). \end{aligned}$$\end{document}$$The monoidal unit object $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {K}_{{\varvec{0}}}$$\end{document}$ is clearly decomposable. Items (b) and (c) are obvious. $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \begin{document}$$\square $$\end{document}$

### Lemma 9.3 {#FPar36}

Let *A* be an object in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{upgreek}
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                \begin{document}$${^{H}}\mathscr {A}_{\mathrm {fp}}$$\end{document}$. Then, the left *H*-comodule underlying *A* is decomposable.

### Proof {#FPar37}

Let us start with the case where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$$A = F_{{\varvec{m_1}},\ldots ,{\varvec{m}}_N}$$\end{document}$ is a free $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${^{H}}\mathscr {A}$$\end{document}$-algebra. As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_{{\varvec{m_1}},\ldots ,{\varvec{m}}_N} \simeq F_{{\varvec{m}}_1} \sqcup \cdots \sqcup F_{{\varvec{m}}_M} $$\end{document}$, where $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$\sqcup $$\end{document}$ denotes the coproduct in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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### Proposition 9.6 {#FPar42}
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### Remark 9.7 {#FPar43}
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